A common task in automated manufacturing processes is that of orienting (or feeding) parts prior to assembly. In this paper, we propose a new type of feeder. We consider sensorless orientation of polygonal parts with elevated edges by pull actions with an overhead finger. We show that any asymmetric convex polygonal part can be oriented by a sequence ol'pull operations. We give an O ( n 3 ) algorithm to computc thc shortest sequence of pull operations to orient a convex polygonal part with n vertices, if such a sequence exists. We also show that there exist non-convex parts that cannot be fed by a sequence of pull operations.
: (a) Inside-out grasping a part with two fingers.
(b) Inside-out pulling a part with one finger.
conveyor belt with a sequence of (stationary) fences placed along its sides [4, 17, 191 , the conveyor belt with a single rotational fence (1JOC) [ 11, the conveyor belt with pins at various heights above the surface 112, 201, the tilting tray [lo, 151, bowl feeders [6] , vibratory plates and programmable vector fields 1.51.
In this paper, we propose a new feeder: a pulling jinger that is placed above a flat part with an elevated edge. This feeder is inspired by inside-out grasping, which uses two fingers to grasp a part from the inside out, see Figure l(a>. Inside-out grasps are particularly stable, which motivates us to research the possibilities of manipulating a part from the inside. Instead of two fingers, we consider one finger that manipulates the part by performing inside-out pull actions, see Figure l (b). The problem of pull planning is to design a sequence of pull actions (apullplan) for the single pulling finger above a flat part with an elevated edge such that when applied to the part, it is moved to a unique orien: tation afterwards. Studying inside-out pulling from a geometric point of view builds a foundation in understanding the possibilities of orienting parts using inside-out grasping.
Consider a part feeding system that accepts as input a set of part orientations E. Based on a definition by Akella et al. 111 , we say that a system has the feeding property if there exists some orientation CT* E C such that the system outputs parts only in orientation (T * . Our goal is to design pull plans which have the feeding property.
Various types of hardware can be configured to have the feeding property. Goldberg [ 1 11 showed that any polygonal part can be oriented by a sequence of pushes. Chen and Ierardi [SI proved that any polygonal part with n vertices can be oriented by O ( n ) pushes. They showed that this bound is tight by constructing (pathohgical) n-gons that require R(n) pushes to be oriented. Goldberg gave an algorithm for computing the shortest push plan for a polygon. His algorithm runs in O ( n 2 ) time.
In this paper, we show that most convex polygonal parts can be oriented by a sequence of pull actions. In addition, we give an 0 ( n 3 ) algorithm for computing a sequence of pull operations for a given n-vertex convex polygonal part. We carefully analyze a basic pull action in a geometric framework. We prove several important properties of the finger within this framework. We derive a transfer function for the pulling feeder for convex polygonal parts, i.e. we define how the orientation of thr: part changes during a basic pull action. We shall show that this transfer function has several desirable properties. We show that, unfortunately, there exist non-convex polygonal parts that despite asymmetry cannot be fed using inside-out pull actions.
The outline of this paper is a j follows. We first discuss the pulling model in Section 2. In Section 3, we prove that most convex parts can be fed by the pulling feeder.
In Section 4, we give the O(n:') algorithm to compute a sequence of pull operations to orient a given convex polygonal part. We discuss arbitrary (not necessarily convex) polygonal parts in Section 5, and show that the transfer functions for non-convex parts are not necessarily monotonic, and that there exist non-feedable parts. In Section 6, we conclude and pose several open questions.
Geometric modeling
In this section, we discuss the geometric properties of the pulling device. We address the problem in the plane. The pulling finger is assumed to be a frictionless point contact. Unless stated otherwise, P denoi es a convex 2-dimensional polygonal part. The number of vertices of P is given by n. It turns out in Section 5 that there exist non-convex parts that cannot be oriented by a sequence of pull actions.
The part has a center-of-mass c, which lies inside the interior of the part. There is a fixed reference frame attached to P. Directions are specified relative to this frame. The
onto the distance from c to the intersection of the boundary of P and the ray emanating from c in the direction of 0. Since P is convex, b(0) is uniquely defined. 
The effect of pulling a part
We consider the finger as a programmable part feeder. In Section 2.2, we will define a basic pull action and the corresponding transfer function. We first analyze the possible configurations of the finger with respect to the part. The configuration of the finger is a parametric representation of its initial position and pull direction. The finger has three degrees of freedom: the tuple (z, y) E R2 specifying its position, and 0 specifying its pull direction. The position and the direction are given relative to the reference frame of P. We denote the configuration of the finger by the triple Assume for a moment that the finger is in contact with the boundary, and that the pull direction is away from the center-of-mass. In most cases, the part will start to rotate until the center-of-mass is collinear with the pull direction, and the contact point will slide lowards a contact point with larger distance to the center-of-mass. If during pulling the contact point does not change, then contact point of the finger corresponds to either a local maximum of the distance function, or a (unstable) local minimum. We refer to the corresponding contact point as an equilibrium contact point. If the finger is at an equilibrium contuct point, the pull direction is away from the center-of-mass, and the center-of-mass is on the supporting line of the pull direction through the contact point, then the finger is at an equilibrium configuration. An equilibrium contact point which (x, Y, 0).
corresponds to a local maximum in the distance function is called a stable equilibrium contact point, and the corresponding vertex of the part a stable vertex. Equilibrium contact points which correspond to local minima in the distance function are called unstable equilibrium contact points.
Let m denote the number of stable vertices of P. We denote the stable vertices of P by V I , . . . , vm. The stable vertices are numbered in counterclockwise order along the boundary of P. The unstable contact point between two successive vertices v, and w,+l is denoted by uZ,%+l. Indexing is modulo the number of stable vertices. In Figure 2 an overview of possible configurations of the finger is given. In the figure, the stable vertices and the unstable contact points are enumerated. The part has one unstable vertex (which is not enumerated). There are dotted lines emanating from the center-of-mass through the unstable contact points. The following configurations can be found in the picture: (a) A configuration for which the finger is in the interior of the part. There are infinitely many different configurations of the finger. Tf we pull along a straight line, we will first reach the boundary, and then the part will start to rotate unless the finger is in a stable configuration. We assume that, continuing from such a configuration, the distance between the point of contact at the boundary of the part and the part's centerof-mass only increases during the rotation of the part. This assumption is valid for parts with the distribution of friction concentrated at the center-of-mass (and the instantaneous center-of-ration coinciding with the center-of-mass), and zero friction between the boundary and the finger. As a consequence, the angle between the pull direction and the edge of the part does not influence the final orientation of the part. We subdivide the boundary of the part into regions for which the final vertex is the same. Any interval on the boundary between two successive unstable contact points map onto the stable vertex between the contact points. An unstable contact point maps onto an unstable equilibrium Configuration. In Figure 3 , we see a part before and after a pull action. The first intuition might be that the finger will reach vertex 115; the distance function dictates that the final vertex is v L , though.
After a pull action starting in an arbitrary configuration, we eventually yield an equilibrium configuration which is either a stable equilibrium configuration at a stable vertex of P or an unstable equilibrium configuration at an unstable contact point. It is easy to see that there are O ( n ) stable configurations. finger strictly increases and, after alignment, the finger is in contact with vertex vl.
The pull function
In this section, we define a basic pull action, which maps a equilibrium configuration of the finger onto another equilibrium configuration for a given pull direction. Hence, similar to the basic push action [7, 111, the basic pull action serves as a basis for a transfer function for a part feeder which uses pull operations to orient parts to a unique final orientation.
We denote the angle of the ray emanating from c through vi by cri. In other words, cri links the orientation of P relative to its reference orientation to stable equilibrium configuration at vertex vi. Similary, we denote the angle of the ray from c through the unstable contact point U i,i+l by cri,i+l. We assume that the finger is in contact with vertex vi of P , and the configuration of the finger is a stable equilibrium configuration. A basic pull action moves the finger along a straight line, starting at vi, until the finger is again in a equilibrium configuration, i.e. we pull long enough to be certain that the part has stabilized. We express the pull direction for the basic pull action relatively to the current pull direction, which is along the ray emanating from c, in the direction of cri, through vi.
We first consider pull directions which initially direct the finger into the interior of the part. In this case, the finger will reach a configuration on the boundary of the part different from the initial contact, and the part will start to rotate according to the assumptions.
The subdivision of the boundary of P into regions which map onto different stable vertices of P induces a subdivision of the possible pull directions from vi. If move the pulling finger, starting in vertex vi, it will (for most pull directions) first hit the boundary at the intersection with the ray emanating from v i in the pull direction. Let ally reach a stable configuration of the finger at stable vertex u j .
The pull function w ,~ : [-n, T ) + [0,2n) for vertex u i
links a pull direction from vertex v i onto the orientation of the part relatively to the pull direction after the completion of the basic pull action. See Figure 4 for a picture of a pull function. Like the push function [ 111, the pull function is a step function. The steps map onto stable equilibrium contact vertices, points separating the steps map onto unstable contacts. Similarly, we can define the pull function for an unstable equilibrium of P.
Properties of the pull functions
Throughout the remainder of thi!; paper, we focus on the pull function for stable vertices of P . This is not a real restriction, since it is always possible to transfer any unstable equilibrium of P onto a neighboring stable equilibrium by pulling in direction $ + E. Such a pull direction would map a stable equilibrium of P unchanged back onto itself.
The most important property of the collection of pull functions (of stable equilbria of P ) we prove in this section is monotonicity, or the order preserving property [15] 
Completeness of pulling1
For any vertex w, a pull direction in the angular interval (lv. ( U,), r,, (U,) ) maps U, back onto itself. Let X denote the maximum of r,% (U,) for i E [l, . . . , m]. We focus on the case that there is unique vertex v* for which X = r,. (w*).
Let E be a small positive constani, such that X -E is greater than rvt (U,) for all U, # U*. We have the following simple pull plan for orienting the given polygon.
f o r e a c h i = l t o n -1 d o pull in direction X -E until the finger is at a stable configuration
Without loss of generality, we assume that r,_ (U,) = A. We will show that this algorithm will finally reach a configuration for which the finger is in contact with ver- If we drop the assumption that there is a unique vertex w+ for which X = IT,* (U*)\, the simple pull plan does not orient the part.
Computing optimal pull plans
In the previous section, we showed that for most convex parts, there always exists a push plan. These plans are not necessarily of minimal length. In this section, we outline how to compute a shortest sequence of pull operations to orient a given convex part P. For details, we refer the reader to [3] .
The strategy of the algorithm for computing pull plans is based on reducing uncertainty. We call a set of possible orientations of the part a state of the part.
The goal is to find basic actions which map a state of the part onto a state of smaller cardinality. By concatenating such basic actions we aim to finally reach a state corresponding to a single orientation of P.
The algorithm we propose is based on a graph search.
We encode states of the finger as nodes of a graph, and a directed edge between a pair of nodes if there exists a pull direction which maps the state of the former onto the latter. From the monotonicity of the pull functions it follows that we do not need a node for every set of possible orientations of P . We can suffice with nodes for every interval of possiblc orientations of P [3, 9] .
A shortcst path from the source to the sink of the graph, which is of size O(n3), corresponds to a shortest pull plan to orient P. We can find such a path in linear time in the size of the graph, or report that no such path exists within the same time bound. The next theorem summarizes this section. 
Arbitrary polygonal parts
In the casc of an arbitrary polygonal part, the pull function needs no longer be monotonic. An unfeedable part.
rithm for computing a shortest pull plan that runs in polynomial time.
We can construct non-convex parts which cannot be fed by our finger. In Figure 5 (b) we show such an unfeedable part. The pull function for vertex w l maps to 0 1 , or n 2 .
The pull function for vertex w 2 maps to 0 2 or 0 1 . The pull function for vertex 713 maps to n3 for any pull direction. Hence, if the part is in a stable configuration at 711 it will never be able reach an orientation corresponding to v 3 and vice versa. Hence there is no unique final configuration of the part that can be reached from any initial configuration.
Discussion
In this paper we investigated the problem of sensorless part orientation by sequences of inside-out pull actions. We showed that almost any convex polygonal part can be oriented by a sequence of pull actions. We presented a polynomial-time algorithm for computing the shortest pull plan for a given polygonal part, if such a plan exists. The structure of the algorithm yields an O(n2) bound on the length of the shortest pull plan. We showed that for asymmetric parts, the length of a pull plan is bounded by O(n).
It remains an open problem whether pull plans exist for parts that are not asymmetric, and whether the bound on the length of a pull plan of O ( n ) is applicable to this class of parts. We conjecture that similar to Chen and Ierardi's proof for push planning [8] , there exist pull plans of linear length that orient convex parts up to symmetry in the pull function.
We presented a graph based algorithm to compute pull plans. One can also opt to use an output-sensitive algorithm [3] , which has a running time that is dependent on the length of the resulting plan, to compute pull plans. The output-sensitive algorithm maintains for each stable orientation 0 of P, the shortest interval of possible orientations that starts with 0 after IC basic actions. From an algorithmic point of view, it is even more challenging to find out whether we can suffice with a greedy algorithm (which only maintains one interval of possible orientations of P) for computing pull plans, similar to Goldberg's al-gorithm for push planning [I I] In the case of arbitrary (not nef:essarily convex) parts, we are able to construct parts that do not have monotonic transfer functions. We are even able to construct parts that cannot be fed by a sequence of pull actions. Eppstein [9] showed that finding a shortest plans is NP-complete for part feeders that have general (non-monotonic) transfer functions. It is an open question whether we can find an algorithm for computing a shortest pul:l plan that runs in polynomial time. Also, we still seek a geometrical characterization of parts that can be fed by the finger.
If we extend inside-out pulling to inside-out grasping, we have to take into account one extra degree of freedom of the device: the width of the gripper. In the line of thought of this paper, we would like to determine a discrete subset of configurations, and a basic action which defines a transfer function for the subset of configurations. A possible subset of configurations is the set of configurations for which the width of the gripper is a local maximum. A way of extending inside-out pulling to inside-out grasping is to define the basic action in which wt: first pull the part with with a single finger, and subsequently extend the gripper. Such a pull-squeeze action, similar to the push-squeeze action [l 11, is perhaps the most straightforward extension of pull planning. Another way of defining a basic action is to only allow the gripper to extend and reorient. Similar to squeezing with a parallel jaw gripper, the first step in analyzing this basic action could be to consider the degenerate case in which both fingers of the gripper touch the part simultaneously, and there is no pull phase. For any basic action for inside-out grasping, we woiild like to show that the corresponding transfer function is monotonic. Moreover, we would like to address completeness issues and find algorithms to design inside-out grasp plans.
